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1 Introduction 

A structure may be subjected, during its lifetime, to (extreme) loading conditions that 

exceed its design loads. Among these loading conditions are major earthquakes, blast-

effects, unexpected impact loads, floods, hurricanes, tsunami attacks, and sudden loss of 

some of structural members or supports. Unfortunately, many structures are not being 

designed to resist such extreme loads due to economic reasons. Structural analysis and 

design has been practiced using the Finite Element Method (FEM) for over six decades. 

Design codes, in most cases, allow the use of linear elastic analysis to calculate internal 

forces in the structure. Design procedures include safety factors to ensure the safety of the 

structure for its intended use. Such approximate analysis and design techniques are 

adequate with structures subjected to static and moderate dynamic loads. In brief, 

approximate analysis methods may work fine when the purpose is to design structural 

elements to withstand the traditional loads. 

Life safety considerations necessitate that in the event of an extreme loading condition on 

a building, people can be evacuated safely before the building collapses (UFC, 4-023-03, 

2009, GSA, 2003). This requires a forecast about whether a building would eventually 

collapse in such an event or not, and such a forecast is applicable for future structures as 

well as existing structures. 

By reviewing the casualties caused by previous major earthquakes around the world, it was 

found that more than 90% of the death toll was due to structural collapse of buildings and 

bridges. In 1995, a progressive collapse of the Alfred P. Murrah Federal building in 

downtown Oklahoma City took place through a bombed truck. A bomb blast destroyed 

http://www.extremeloading.com/


Extreme Loading® for Structures V9  Theoretical Manual 

www.appliedscienceint.com ꓲ www.extremeloading.com 2 

three perimeter columns, resulting in a subsequent collapse. The transfer girder supported 

by the damaged columns failed, and the upper floors and roof panels collapsed in a 

progressive fashion. The explosion destroyed about half of the occupied space in the nine-

story Federal Building. As a result of the massive explosion followed by collapse, 168 lives 

claimed, including 19 children and 674 people wounded. Twenty-five buildings were 

severely damaged or destroyed and another 300 were damaged. Cars near the building were 

set on fire. Glass, shattered from windows in a ten-block radius, filled the streets and 

sidewalks. The question arises here is that, can we use approximate analysis methods to 

simulate such critical structural behavior upon which the safety of thousands of people will 

be decided? 

Computer simulation is an important key in determining the performance of structures in 

extreme loading conditions. However, it is not possible to predict the behavior of collapse 

for structures using the Finite Element Method. Reviewing the current literature, it is 

noticed that methods used for structural analysis are mainly based on continuum mechanics 

rules, like the Finite Element Method, which cannot be applied explicitly to discrete 

elements. Therefore continuum mechanics-based methods cannot be extended to simulate 

the collapse analysis. On the other hand, analysis methods based on rules of discrete 

elements cannot be used to predict behavior of continuum elements. As a matter of fact, 

structures during a collapse situation pass through the two stages: a continuum stage 

followed by a discrete stage. The analysis and simulation needs to follow both behavior 

stages in order to help in answering the following questions: 

- Will the structure collapse during an extreme loading event? 

- Will the collapse be partial or total?  

http://www.appliedscienceint.com/
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- What is the mode of collapse of the structure? 

- In cases of partial collapse, will it be possible to repair the structure? 

- How long would it take for the structure to completely collapse? 

- How does falling debris affect adjacent structures? 

- What is the footprint affected by the collapse of a structure? 

These questions are a small sample of questions that cannot be answered without having 

an accurate prediction of the structural performance when subjected to an extreme loading. 

A new method, that is capable of predicting to a high degree of accuracy the continuum 

and discrete behavior of structures, has been developed. Through two decades of 

continuous development, the Applied Element Method (AEM) was proven to be the 

method that can track the structural collapse behavior passing through all stages of the 

application of loads: elastic stage, crack initiation and propagation in ceramic materials, 

reinforcement and structural steel yielding, element separation, element collision (contact), 

and collision with the ground and with adjacent structures. The possible analysis domain 

of AEM in comparison to FEM is shown in Figure 1-1. Although the FEM is accurate and 

reliable for analysis of continuum structures, the onset of element separation is difficult to 

automate and modeling of debris collision is time consuming. 

 

http://www.appliedscienceint.com/
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Figure 1-1 Analysis domain of AEM compared to FEM 

 
 

International publications in the area of structural engineering verify that the AEM can 

cover with a reasonable accuracy the fields of application. The method accuracy is 

compared with more than 50 experimental and theoretical results.  (Tagel-Din & Meguro 

2000, Meguro and Tagel-Din 2001, Tagel-Din, 2002, Meguro and Tagel-Din 2003, Tagel-

Din and Rahman 2004, Sasani and Sagiroglu 2008, Sasani 2008, Park et al. 2009, Wibowo 

et al. 2009, Helmy et al, 2009,Galal and El-Sawy 2010, Khalil 2011, Salem et al. 2011, 

Helmy et.al 2012, Helmy et.al 2013, Salem and Helmy 2014, Salem et al, 2014, Salem et 

al, 2016, Attia et al, 2017, Zerin et al, 2017, Alanani et al, 2020, El-desoqi et al, 2020, Attia 

and Salem, 2021). Literature surveys indicate that no other simulation technology has 

comparable overall performance to AEM. The AEM is the base method to analysis of 

structures under extreme loadings. Table 1-1 shows a brief comparison between the AEM 

and the FEM. 
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Table 1-1 Comparisons between AEM and FEM 

 AEM FEM 

CPU time Short Short 

Degrees of 
freedom 

6 per element 24 per element (8-node element) 

Cracking model Smeared cracks and discrete 
(physical) cracks 

Smeared cracks (discrete cracks 
through interface cracks whose 
locations  should be predefined) 

No need for joint elements Joint elements (interface elements) 
are needed at the location of wide 
cracks for simulating physical 
cracks 

Cracks propagates easily at 
element boundaries in any 
direction 

Cracks cannot extend from one 
element to the other which makes 
the structure inseparable at 
arbitrary locations 

Crack propagation can be 
followed 

Crack propagation cannot be 
followed accurately in smeared 
crack zones 

Preprocessing time Short  Long 

Reinforcement 
details 

All reinforcement details, for each 
reinforcement bar is taken into 
consideration. For example, bar 
area and concrete cover can be 
taken into account. 

Very difficult to accurately 
account for reinforcement details 
in accurate way as properties 
should be added at integration 
point locations.  

Before collapse High Accuracy High Accuracy 

During and after 
collapse 

High Accuracy Cannot follow collapse behavior 
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2 Applied Element Overview 

With AEM, the structure is modeled as an assembly of small elements, which are made by 

dividing the structure virtually, as shown in Figure 2-1-a. The two elements shown in 

Figure 2-1 are assumed to be connected by one normal and two shear springs located at 

contact points, which are distributed around the elements edges. Each group of springs 

completely represents stresses and deformations of a certain volume as shown in Figure 2-1 

-b. 

 

 

a. Element generation for 

AEM 

b. Spring distribution and area of influence of each 

pair of springs 

Figure 2-1 Modeling of structure to AEM 
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2.1 Shape 

2.1.1 Solid Elements 

In AEM, each element has 3-D physical shape. Elements are 3-D solid elements and not 

degenerated into the known frames or shells. In 3-D AEM analysis, cuboids are used to 

model structures. One or more faces can be degenerated into a point or line and hence, 4-

point, 5-point, 6 points pyramids or prisms can be formed. Each element center of gravity 

is calculated and this is where the degrees of freedom (unknown displacements) are 

calculated. 

For irregular shapes, ELS allows the use of 8-node hexahedron elements as shown in 

Figure 2-2. Using such elements assists the user to model complicated and irregular 

structures as shown in Figure 2-3. 

The use of 3D elements with springs connecting them at the faces leads to avoiding many 

of the problems that exist in modeling progressive collapse using FEM. Traditional FEM 

modeling of structures uses frame elements to model columns and beams, while shell 

elements are used to model shells and slabs; this makes it impossible to properly model 

contact between different structural components. Even when using 3D FEM elements to 

model the structure, the time of solution is much larger than the AEM. Additionally, the 

FEM assumes full compatibility at the nodes which makes automatic prediction of crack 

location practically impossible unlike the AEM which can automatically predict crack 

initiation, crack widening, and element separation. 

http://www.appliedscienceint.com/
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Figure 2-2  8-node hexahedron elements 

 

(a) Bridges with box-sections       (b) Column crowns and beam haunches 

 

(c) Bridge abutments    (d) Stair cases 

Figure 2-3 Modeling irregular and complicated structures with 8-node elements 
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It is generally recommended when designing the model mesh to follow the following rules; 

1- Cube-shape elements (regular hexahedron) are optimal elements to be analyzed. 

However, use of cube shape in problems where the thickness is relatively small, as 

with slabs, will lead to a large number of elements. Hence, cuboid-shape elements 

can be used in this case with also a good accuracy. When the element thickness is 

very small like the case of cold-formed steel members, the ELS considers a 

correction factor to overcome the shear locking issue as will be shown later in 

section 2.6.1.  

2- The optimal element to use for analysis is one with perpendicular edges. 

3- It is not recommended to have an abrupt change in element size, that is, to have 

elements of extremely large size adjacent to elements of extremely small size. 

Though the AEM provides better solutions for sudden change of element size 

compared to the FEM, it is recommended to use reasonable change in elements 

size. 

4- Use of elements of small sizes is recommended at locations of stress concentrations. 

While elements of large sizes can be used at locations of low stress intensity. 

5- For connectivity reasons, neighboring element faces should lie exactly in the same 

plane to generate connectivity springs between faces. If the faces are not exactly in 

the same plane, the program assumes there is no connectivity. Please refer to the 

ELS Modeler Manual for details on use of snap options to create an accurate model. 

http://www.appliedscienceint.com/
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2.1.2 Link Members 

A link member is modeled with a special spring, that is, a long spring having the ability to 

connect two separate solid elements with any angle of inclination as shown in Figure 2-4. 

The link member hence carries only axial stresses. The link member can be used for 

modeling trusses, towers and external prestressing cables. The stiffness “K” is calculated 

in terms of the link member area and length. 

 

  

Figure 2-4 Modeling of link members 

 

2.1.3 Dash-Pot Dampers 

A dash-pot damper is modeled with a special link member that has, in addition to its 

stiffness “K”, a viscous damping with a damping factor “C” as shown in Figure 2-5. 

Similar to the link member, the stiffness “K” is calculated in terms of the link member area 

and length. The dash-pot parameters are defined in the “Properties” dialogue box as shown 

in Figure 2-6. The damping force is defined as follows; 

 (2-1) 

where; 

Long Spring for Link 
Member

Matrix Springs 
for continuum

Long Spring for Link 
Member

Matrix Springs 
for continuumMatrix Springs 
for continuum

Link Member

𝐹 = 𝐶 𝑉 (
𝑉

𝑉𝑚𝑎𝑥
)

𝛼−1
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C is the damping factor 

V is the relative speed of the ends of the damper (along the direction of the damper) 

 is the damping exponent 

A limiting relative speed “Vmax” for the damper is defined beyond which the damping force 

does not change (CVmax). 

It should be noted that when the viscous damping is linearly proportional to the speed 

(equals unity), equation (2-1) yields to  

 (2-2) 

 Figure 2-7 shows the dash-pot damping force versus the relative speed of its ends for 

different values of damping exponent (). 

 

Figure 2-5 Dash-Pot Dampers 

𝐹 = 𝐶 𝑉  
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Figure 2-6 Dash-Pot Parameters 

 
 

 
Figure 2-7 Dash-pot damping force versus the relative speed of its ends 
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2.2 Connectivity 

The concept of element connectivity in the AEM will be introduced through comparison 

with element connectivity in FEM. 

2.2.1 Element connectivity in FEM 

In FEM analysis, elements are usually connected at nodes. Referring to Figure 2-8, node 

number 13 is a common node in elements 6, 7, 10, and 11. Hence, all elements should have 

the same displacement at this node. 

Connectivity methods using FEM works fine when elements are not expected to separate. 

However, having element separation, which is the case in any collapse simulation, means 

that element displacements should be independent which cannot work using the same joint 

ID for all elements. Previous researches attempted using multiple node IDs at expected 

separation locations. Unfortunately this technique causes stress singularities (very high 

stresses) at locations of nodal separation and hence, this technique is not effective. 

 

Figure 2-8 Nodal compatibility in FEM 
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Two techniques that are often used in conjunction with FEM with some degree of success 

are explained in the following sections. 

2.2.1.1 Smeared Crack Approach 

In smeared crack approach, the cracks are modeled implicitly inside the element (ACI 

446.3R-97, 1997, Okamura and Maekawa, 1991). So, there is no physical crack but the 

effect of cracks is considered in the element stiffness and the material modeling of concrete 

and reinforcement. Referring to Figure 2-9, the actual crack is shown in Figure 2-9-a. 

Figure 2-9-b shows how this crack is dealt with in FEM. This actual crack is represented 

in the stiffness matrix formulation and the element nonlinear models of the hatched 

elements based on assumed crack angle. Here are some of the problems that arise due to 

these assumptions: 

1- There is no physical crack in the model: The elements are not separated at the crack 

location. 

2- There is no localization of the crack. This means that the crack inside the element 

does not have a specific geometry. However, it should be mentioned that, it is still 

possible to simulate the crack localization using FEM through reducing the element 

size and considering material models that are based on the concrete fracture energy 

and the element size, i.e. size- dependent models (Cervenka and Pukl, 1995). 

3- No continuity between cracks. Although the cracks are assumed to be continuous 

between elements, the FEM mesh does not weigh that into the analysis. Referring 

to Figure 2-9-b, the crack inside each element has its own direction and location 

and has no relation with cracks of adjacent elements. 
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4- Even in the same element, crack orientation at each integration point may be 

different 

In brief, a physical crack cannot be seen to deal with using smeared crack approach. Hence, 

separation of elements would not be possible. 

 

a- Physical crack   b- Simulated cracks in FEM 

Figure 2-9 Smeared crack approach in FEM 

2.2.1.2 Discrete Crack Approach 

In the discrete crack approach, the crack location should be predefined prior to the analysis 

at locations of expected cracks (see Figure 2-10 (Rots and Blaauwendraad, 1989)). If this 

crack is not included before analysis, results will not be correct. If predefined crack location 

is wrong, the element will be forced to break at that location. The main disadvantages of 

this technique are: 

1- It is totally dependent on the experience of the research engineer. An inexperienced 

engineer will produce significantly incorrect results. 

Actual crack Simulated crack
inside FE elements
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2- Setting crack location before analysis may be acceptable in some cases. But in cases 

of progressive collapse case where the collapse behavior is unknown before 

simulations this is neither acceptable nor practical. 

3- Setting predefined crack location before the analysis will force the structure to fail 

in a specific way depending on the orientation of discrete cracks 

 

Figure 2-10 Discrete crack approach in FEM (Rots and  Blaauwendraad, 1989) 

2.2.1.3 Moving Mesh Techniques 

This technique can be used only for cases with a few cracks (one or two cracks, as shown 

in Figure 2-11 (Cervenka, 1994)) within a brittle material. So, this technique cannot be 

used for real collapse behavior of structures. 
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Figure 2-11 Moving mesh technique for crack propagation in shear (Cervenka, 1994) 

 

2.2.2 Element Connectivity in AEM 

As previously discussed, FEM elements are connected at nodes. Having different node IDs 

means that elements are not connected. AEM elements are connected using the element 

entire surface, through a series of connecting springs as shown in Figure 2-1. These 

connecting springs represent stresses, strains, and connectivity between elements. 

Table 2-1 shows the difference in element connectivity between FEM and AEM: 
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Table 2-1 Element connectivity comparison between AEM and FEM 

 

2.2.2.1 Transition from large-size elements to small elements 

It is commonly needed that some zones of the analyzed structure are smaller in mesh-size 

because of stress concentration. In FEM, Figure 2-12, the transition from large size 

elements to smaller ones should be done through special meshing techniques to assure 

connectivity between elements. This causes the following problems: 

1- Number of elements may increase due to transition layer. 

 FEM AEM 

Connectivity Nodes (Joints) Elements faces 

Partial connectivity 

(during analysis) 

Not allowed Allowed (Some springs may fail 

while the others are still active and 

effective) 

Effect of separation Separation of nodes causes stress 

singularity 

Separation of springs does not 

cause any type of stress 

singularity 

Transition 

Elements 

Transition elements are needed to 

switch from large sized elements 

to smaller elements 

No need for transition elements,  

face springs connect elements 

Meshing Very complicated specially at 

interfaces with other objects 

Every object is meshed alone 

regardless of its connectivity to 

surrounding elements 

http://www.appliedscienceint.com/
http://www.extremeloading.com/


Extreme Loading® for Structures V9  Theoretical Manual 

www.appliedscienceint.com ꓲ www.extremeloading.com 19 

2- Complication in meshing process as elements should be connected through the 

boundary (Refer to Figure 2-12) 

   

(a) FEM mesh       (b) AEM mesh 

Figure 2-12 Transition of element size 

2.2.2.2 Partial Element Connectivity 

In AEM, elements sharing the same surface will have connectivity springs even if the 

shared surfaces are only a portion of the element partially overlapping applied surface. 

Referring to Figure 2-13-a, partially overlapping Finite Elements are not connected, while 

elements are connected with their common face springs as shown in Figure 2-13-b. In 

FEM, partial connectivity could actually be included, however, more nodes and elements 

should be then considered at the location of contacts, which means more DOFs, more 

complication in element formulation and longer time to build the models. 

Transition elements No transition elements needed 
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Figure 2-13 Partial element connectivity 

 

2.3 Degrees of Freedom (DOF) 

Referring to Figure 2-14, each element has six degrees of freedom, three translations and 

three rotations. The own weight applies arbitrarily in X, Y, or  Z direction. The user can 

select the active degrees of freedom in the problem to be solved as follows in Table 2-2 

Table 2-2 Degrees of freedom for different analysis cases 

Case Sample Active DOF 

2-D Analysis in X-Z 2-D Multi story frame Ux, Uz, Ry 

Grid in X-Y Floor, slab or Raft Uz, Rx, Ry 

General 3-D problem 3D multistory structure Ux, Uy, Uz, Rx, Ry, Rz 
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Figure 2-14 Degrees of Freedom 

It should be emphasized that the active degrees of freedom can have a significant effect on 

the results. Table 2-3 shows some examples how a wrong selection of DOF may affect the 

results.  

Table 2-3 Possible DOF modeling errors 

Case Common mistake Active DOF 

2-D Buckling analysis  All DOF are active Buckling may occur out of 

plane causing much smaller 

buckling load 

2-D Analysis Supports are set in 2-D Plane 

only while all DOF are active 

The problem is unstable 

As DOF are the main unknown in the analysis, reducing the number of DOF will lead to 

much faster analysis while the results are unaffected. 

2.3.1 Rigid Body Option 

In some structural applications, significant deformations or damages are localized in some 

parts of the structure while other parts have no essential influence on the overall behavior 

of the structure. An example for this is a structure where extensive cracks and plastic 

deformations takes place while the rest of the building is kept unaffected such as the case 

Ux

Uy
Uz

Rx

Ry
Rz

Ux

Uy
Uz

Rx

Ry
Rz
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shown in Figure 2-15-a, where a bridge pier is subjected to earthquake loading. In such 

case, the top girder will not be damaged. All the damage will be localized at the bottom of 

the pier in the form of flexural cracks and/or shear cracks. The inertia force generated in 

the girder during the earthquake together with its rocking are the main factors affecting the 

pier. Therefore, the top girder could be assumed as a rigid body significantly reducing the 

calculation time.  

In the rigid body behavior, the constrained joints translate and rotate together as if 

connected by rigid links as shown in Figure 2-15-b.  

 

 

  

  

(a) sample for rigid body analysis (b) Two rigidly-connected elements 

Figure 2-15 Rigid body option 

 

Rigid Body

Rigid Body

EQ

Rigid Body

Rigid Body

Rigid Body

Rigid Body

EQ
Distance between elements remain 
unchanged as if the elements are 
connected by rigid links

Two rigidly-connected elements

Distance between elements remain 
unchanged as if the elements are 
connected by rigid links

Two rigidly-connected elements
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2.4 Units 

Basic units are used for the analysis. The user is advised to use a combination of mass-

distance-time units. The time unit is always seconds. So, if the user selects the mass to be 

in kilograms (Kg) and the distance to be in meters (m). In this case the force will be defined 

in Kilogram Force (Kgf) Similarly, if the user selects the mass to be in pounds (Lb) and 

distance to be in inches (in) then the force unit will be Pound Force (lbf). 

2.5 Connectivity Springs 

AEM elements are connected together through a series of springs that connect adjacent 

element faces. The generation of these springs is automatically performed in ELS. These 

springs are very important because: 

1. They represent continuity between elements. The user is strongly advised to check 

the solved model using the show springs options the ELS Viewer to check whether 

springs are properly generated or not 

2. The springs reflect the properties of all the different material properties. Strains, 

stresses, and failure criteria are all calculated and estimated using these springs 

2.5.1 Matrix Springs 

Referring to Figure 2-16, “matrix springs” are those springs that connect two adjacent 

elements and are representing the main structural material. For example, when solving a 

reinforced concrete structure, those springs represent the concrete part. When solving a 

steel structure, those springs represent the steel part and so on. Those springs adopt material 

type and properties defined in the ELS Modeler. When the average normal strain between 
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these two adjacent faces reaches the separation strain in ELS, the springs between these 

two faces are removed and it is assumed that these elements behave as two separate rigid 

bodies for the remainder of the analysis. Even if the same two elements contact again, they 

behave as a contact between two separate rigid bodies.  

The user should be aware that to generate the springs between faces, the faces should be 

exactly in a common plane. Hence, the user is advised to use snap options in the ELS 

Modeler when drawing the geometry of any problem so that all faces are sharing exactly 

the same plane with minimum or no tolerance. Otherwise, springs may not be generated at 

connecting faces, as demonstrated in Figure 2-17. 

 

Figure 2-16 Connectivity matrix springs 

Normal Springs

Shear Springs X-Z

Shear Springs X-Y
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Figure 2-17 Precautions required to assure creation of connectivity matrix 
  

Connecting springs 
generated

No Connecting 
springs generated

>>
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2.5.2 Reinforcement Springs 

In reinforced concrete structures, the “Matrix Springs” are those springs representing the 

concrete material as shown in Figure 2-16. The reinforcement springs are those springs 

representing the reinforcing steel bars as shown in Figure 2-18.  

The reinforcement springs represent the material properties, exact location and dimensions 

of the reinforcement bars. Similar to matrix springs, three springs are used to represent all 

the possible force components are set at the intersection of the reinforcement bar and the 

element boundary, as shown in Figure 2-18. The normal spring takes the direction of 

reinforcement bar irrespective of the element face direction. The other two springs 

represent reinforcement bar behavior in shear 

 
Figure 2-18 Reinforcement springs 

 

Normal Spring

Shear Spring X-Z
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2.5.3 Stiffness of springs 

The stiffness of normal springs is calculated as; 

 (2-3) 

Where, 

 E is tangent stiffness of the normal stress-normal strain curve 

A is cross sectional area of the material prism represented by the spring as shown in 

Figure 2-19 

L is the distance between the centers of gravity of the connected elements  

 

 

Figure 2-19 Stiffness of normal springs 

 
 
The stiffness of shear springs is calculated as; 

 (2-4) 

Where, 

 G is tangent stiffness of the shear stress-shear strain curve 

L

A

L

𝐾𝑁 =
𝐸𝐴

𝐿
 

𝐾𝑆 =
2𝐺𝐴

𝐿
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A is cross sectional area of the material prism represented by the spring as shown in 

Figure 2-20 

L is the distance between the centers of gravity of the connected elements  

An example of mechanics of shear deformation in AEM is illustrated in Figure 2-21, 

where shear stresses are induced on the common horizontal face of the shown two 

neighboring elements. Shear strains are calculated as follows; 

 (2-5) 

 (2-6) 

 

 

Figure 2-20 Stiffness of shear springs 

 

L

A

L

𝛾𝑧𝑥 =
𝐷𝑥

𝐿𝑍
 

𝛾𝑧𝑦 =
𝐷𝑦

𝐿𝑍
 

http://www.appliedscienceint.com/
http://www.extremeloading.com/


Extreme Loading® for Structures V9  Theoretical Manual 

www.appliedscienceint.com ꓲ www.extremeloading.com 29 

 

Figure 2-21 Shear deformation in AEM 

 

2.6 Analysis 

The stiffness matrix of each element is formulated by individually applying unit 

displacements in the six degrees of freedom, calculating the generated forces in the surface 

springs, and integrating those stresses to calculate the element forces in the directions of 

the degrees of freedom as illustrated in Figure 2-22. 

 

Figure 2-22 Formulation of stiffness matrix 

Lz
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Translation Rotation
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2.6.1 Thin Structures and shear locking 
When thin structures are numerically analyzed in AEM, the aspect ratio of the elements 

may cause the shear-locking issue (Belytschko et al, 1985), in which, shear stiffness of the 

elements is highly overestimated and hence deformations are greatly underestimated (See 

Figure 2-23). In fact the shear deformations of such elements with huge aspect ratio is not 

controlled solely by shear; it is a mixed flexural-shear deformation  

 

Figure 2-23 Over-estimated shear stiffness for elements under pure shear 

To overcome this issue, elements with aspect ratio close to unity should be used 

(Figure 2-24). However, this is impractical and a better solution is to adjust the shear 

stiffness of the springs so that it includes both shear and flexural deformations 

Elements with aspect ratio close to unity

Elements with huge aspect ratio
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Figure 2-24 Adjustment of shear stiffness for elements under pure shear 

 

This can be achieves as follows; 

The deformations for the thin element due to pure shear are assumed to be a combination 

of both shear deformations and flexural deformations; 
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Figure 2-25 Decomposition of deformations of thin elements into flexural and shear deformations 
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2.6.2 Equilibrium Equations 
The overall equilibrium set of equations in the dynamic problem is as follows; 

[𝑀]{�̈�} + [𝐶]{�̇�} + [𝐾]{𝑋} = {𝑓}       (2-14)  

Where [M] is the mass matrix, [C] is the damping matrix. [K] is the stiffness matrix, {f} is 

the external load vector, [X] is the displacement vector. 
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The solution for dynamic problems adopt the step-by-step integration method. The 

equilibrium equations are actually a linear system of equations for each step. The solution 

of the equilibrium equations in ELS® is solved using an exact solver (Cholesky upper-lower 

decomposition)  

2.6.2.1 Choleski factorization with upper-lower decomposition 

Many applications in science and engineering require the solution of a system of linear 

equations. This problem is usually expressed mathematically by the matrix-vector equation 

 [K]{x} = {b} where [K] is an m-by-n matrix, {x} is the n element column vector and b is 

the m element column vector. The matrix [K] is usually referred to as the coefficient matrix, 

and the vectors {x} and {b} are referred to as the solution vector and the right-hand side, 

respectively. 

For solvers that use the direct method, the basic technique employed in finding the solution 

of this system is to first factor (decompose) [K] into triangular matrices. That is, find a 

lower triangular matrix [L]and an upper triangular matrix [U], such that [K] = [L][U]. 

Having obtained such a factorization (usually referred to as an LU decomposition), the 

solution to the original problem can be rewritten as follows. 

[K]{x} = {b} (2-15) 

[L] [U] {x} = {b} (2-16) 

[L]([U] {x}) = {b} (2-17) 

This leads to the following two-step process for finding the solution to the original 

system of equations: 
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1. Solve the systems of equations [L] {y} = {b} 

2. Solve the system [U] {x} = {y} 

Solving these two systems is referred to as a forward substitution and a backward 

substitution, respectively. 

If a symmetric matrix, [K], is also positive definite, it can be shown that [K]can be factored 

as [L][L]t where [L]is a lower triangular matrix. The factorization of this form is called a 

Cholesky factorization. 

In a Cholesky factorization, the matrix [U] in an [L][U] decomposition equals [L]t. 

Consequently, a sparse solver can increase its efficiency by only storing [L], and one half 

of [K], and not computing [U].  

2.6.2.2 Sparse solver PARDISO* from Intel MKL (Schenk, O. and Gärtner, 2004) 

The stiffness matrix [K] of typical structural systems has only very few non-zero entries. 

Since most elements of an actual problem discretization are only neighbors to few other 

elements compared with the number of elements of the whole system, the population of 

K with non-zero entries is very sparse. 

Modifying a standard Cholesky decomposition, in a way that, it only operates on the non-

zero elements of the matrix [K] leads to a faster solver. Furthermore one has to store only 

the nonzero elements within the stiffness matrix, reducing the memory needs drastically.  

There are a number of common storage schemes used for sparse matrices, but most of the 

schemes employ the same basic technique. That is, compress all of the non-zero elements 

of the matrix into a linear array, and then provide some number of auxiliary arrays to 

describe the locations of the non-zeros in the original matrix. 
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The compression of the non-zeros of a sparse matrix into a linear array is done by walking 

down each column (column major format) or across each row (row major format) in order, 

and writing the non-zero elements to a linear array in the order that they appear in the walk. 

This technique (PARDISO direct sparse solver) reduces storage capacity even more than 

sky-line solvers which store the rows (or columns) up to the last non-zero element. In fact, 

sky-line solvers store the zero elements lying between the matrix diagonal and the last non-

zero element in each row or column (see Figure 2-26). When storing symmetric matrices, 

it is sufficient to store only the upper triangular half of the matrix (upper triangular format) 

or the lower triangular half of the matrix (lower triangular format). The Intel MKL storage 

format accepted for the PARDISO software for sparse matrices consists of three arrays, 

which are called the values, columns, and row index arrays. The following table describes 

the arrays in terms of the values, row, and column positions of the non-zero elements in a 

sparse matrix [K]. 
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Table 2-4 Non-zero elements in a sparse matrix [K]. 

values A real or complex array that contains the 

non-zero entries of [K]. The non-zero 

values of [K]are mapped into the values 

array using the row major, upper triangular 

storage mapping described above. 

columns Element i of the integer array columns 

contains the number of the column in 

[K]that contained the value in values(i). 

rowIndex Element j of the integer array rowIndex 

gives the index into the values array that 

contains the first non-zero element in a row 

j of [K]. 

 

The length of the values and columns arrays is equal to the number of non-zeros in A. Since 

the rowIndex array gives the location of the first non-zero within a row, and the non-zeros 

are stored consecutively, then the number of non-zeros in the i-th row is equal to the 

difference of rowIndex(i) and rowIndex(i+1). 

The PARDISO direct sparse solver uses a row major upper triangular storage format. That 

is, the matrix is compressed row-by-row and for symmetric matrices only non-zeros in the 

upper triangular half of the matrix are stored. PARDISO direct sparse solvers can solve 

symmetrically structured systems of equations. A symmetrically structured system of 
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equations is one where the pattern of non-zeros is symmetric. That is, a matrix has a 

symmetric structure if K(i; j ) is non-zero if and only if K(j; i) is non-zero (Figure 2-26). 

Two important concepts associated with the direct solution of sparse systems of equations 

are fill-in and reordering. The fill-in concept means that the [L] matrix might not be as 

sparse as the [K] matrix. In other words, the [L] matrix might have no or few zeros below 

the diagonal. Consequently, if we computed [L]and then used it for the forward and 

backward solve phase, we would do as much computation as if [K] had been dense. 

Computationally, it would be more efficient if a solver could exploit the non-zero structure 

of [K] in such a way as to reduce the fill-in when computing [L]. By doing this, the solver 

would only need to compute the non-zero entries in [L]. Toward this end, the PARDISO 

direct solver considers permuting the rows and columns of the matrix [K]. This leads to 

finally getting a non-dense [L] matrix. Direct method allows for moderately large systems 

to be solved efficiently. However still found to be unsuitable for solving very large systems, 

especially those for 3- dimensional problems with large number of degrees of freedom. 

Moreover, for progressive collapse problems, the solution sometimes depends entirely on 

the mass matrix rather than the stiffness matrix, which means that the direct method cannot 

be used. 
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Figure 2-26 Reduction of storage capacity in PARDISO solver  

 

2.6.2.3 Iterative solver 

Exact solvers (like the PARDISO solver mentioned above) offer a very handy tool to solve 

sparse huge systems such as those encountered in AEM. The only drawback is that they 

tend to require a lot of RAM space since they solution generally involves creating and 

manipulating matrices that are not sparse as the original matrix. These RAM requirements 

could potentially be prohibitive for large models and the user will either have to upgrades 

the hardware or remove details from the model to be able to run it. 

One solution to overcome this problem is to use iterative solvers. In general they do not 

require extra copies of the matrix and they tend to work on manipulating a candidate 

solution step by step until an acceptable accuracy is reached. 

The iterative technique adopted for our AEM solver is the Preconditioned Conjugate 

Gradient Method (PCG) (Meurant, 1999). The preconditioning method chosen was the 

Symmetric Successive Over-Relaxation (SSOR) (Axelsson, 1972). Both methods are 
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known to achieve optimal results when combined in many studies such as this one 

(Vaughan, 1989). The details for using both in the AEM solver are provided below in 

Figure 2-27. 

 

Figure 2-27 Settings of iterative solver in ELS 

 
Where; 

Error Limit: The acceptable difference in load vector for the solution. 

Fine Tuning Limit: The relative error after which the solver attempts to compute the real 

error in load vector using a more time consuming module. 

Initial Solution Type: How to initialize the iterative solution vector, there are five options, 

each option is parameterized by the “Solution Parameter” input. The choice of the initial 

solution doesn’t affect the accuracy of the final solution; it just could affect the speed of 

convergence in some cases. 
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Figure 2-28 Initial solution estimate for iterative solver in ELS 

 
1. Previous: Use the solution from the previous step to initialize the solution of the 

current step. The Solution parameter here works as a scaling factor (unit-less). 

2. Velocity: Use the velocity of each element in the previous step to estimate the initial 

displacement of the current step. The Solution parameter here works as a scaling 

factor (unit-less). 

3. Vel. And Acc.: Use the velocity and acceleration of each element in the previous 

step to estimate the initial displacement of the current step. The Solution parameter 

here works as a scaling factor (unit-less). 

4. Value: Use a specific value (given in the Solution Parameter (displacement)) to 

initialize the displacement of the elements. 

5. IntelliPick: Use the Vel. And Acc. Option unless the acceleration is beyond the 

threshold given in the Solution Parameter (displacement per sec. squared), if the 

acceleration is beyond that for an element, then use previous solution for that 

element. 
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2.6.3 Effective Modal Mass and Modal Participation Factors 
The effective modal mass provides a method for judging the significance of a vibration 

mode. Modes with relatively high effective masses can be readily excited by base 

excitation, while modes with low effective masses cannot be excited in this manner 

(Papadrakakis et al, 2000, Thomson, 1981). The modal mass participation is important to 

decide the minimum number of modes should be included in the analysis.  

Considering a dynamic system governed by Eq. (2-8), a solution to the homogeneous form 

of this equation can be found in terms of eigenvalues and eigenvectors.  The eigenvectors 

represent vibration modes. 

Let   be the eigenvector matrix. The system’s generalized mass matrix  m̂ is given by  

 

       Mm T
ˆ            (2-18) 

 

Let  r  be the influence vector which represents the displacements of the masses resulting 

from static application of a unit ground displacement.  The influence vector induces a 

rigid body motion in all modes. 

Define a coefficient vector  L  as 

 

      rML T
          (2-19)  

 

The modal participation factor matrix  i  for mode i is 

 

 
 
 ii

i
i m

L
ˆ

           (2-20) 
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The effective modal mass i,effm  for mode i is  

  
 
 ii

i
ieff m

L
m

ˆ

2

,          (2-21) 
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3 Material Models and Failure Criteria 

Each reinforcement spring or matrix spring is assigned a specific material model. Each 

model has a set of parameters called the material properties as follows. Built-in material 

models are available for conventional structural engineering materials like concrete, 

mortar, structural steel, reinforcing bars, aluminum, bilinear material, elastic material, 

tension-only linear material like carbon fibers and glass fibers, tension-only bilinear 

material, bricks, and glass. However, a user-defined material modeling is available as well 

to give the user to freely define the material model and use material models other than those 

built-in ones. The explanations of the user-defined material modeling is not shown herein 

but shown in a separate manual. 

3.1 Material Properties 

Different types of materials are available in ELS; steel, concrete, mortar, linear, bilinear, 

tension-only, compression-only, glass, aluminum, brick, bearing materials and user-

defined material. The following sections discuss the definitions of different material 

properties used. 

3.1.1 Young’s Modulus 

Young’s Modulus “E” is one of the main properties that define the behavior of an element. 

It is defined as the ratio between longitudinal stress and strain in elastic range for 1-D frame 

elements. Young’s Modulus cannot be equal to zero or a negative value. The deformations 

of the structures in the elastic stage depend very much on the Young's modulus.  
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Figure 3-1  Young's modulus for steel and concrete 

 

The units of Young’s modulus should be Force/Distance2. For example, using "meters" for 

distance and "kg" for mass, the Young’s Modulus should be in "kgf/m2". If the distance is 

in "inches" and mass is in pounds (lb) then the Young’s Modulus will be pounds (lbf/in2). 

3.1.2 Shear Modulus 

Shear Modulus “G” is the ratio between shear stress and shear strain within the elastic 

range for a 2-D element. Its value is defined as:  

 
(3-1) 

where “E” is the Young’s Modulus and “𝜈”is Poisson’s ratio. The shear modulus value 

cannot be zero or negative. 

The units of Shear modulus are Force/Distance2. For example, using "meters" for distance 

and "kg" for mass, the shear Modulus will be in "kgf/m2". If the distance is in "inches" and 

mass is in pounds (lb) then the shear Modulus will be pounds (lbf/in2). 
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Figure 3-2 Shear modulus 

 

3.1.3 Tensile Strength  

The tensile strength is the ultimate tensile stress that can be carried by a certain material. 

In concrete and ceramics material, tensile strength is the tensile stress at which cracking 

takes place, while in steel, tensile strength is defined as the ultimate tensile strength at 

which steel plates are cracked or reinforcing bars are ruptured as shown in Figure 3-3.  

The units of Tensile strength are force/Distance2 “Mass.Distance/Sec2/Distance2/Gravity 

Acceleration [Distance/Sec2]. For example, using "meters" for distance and "kg" for mass, 

the tensile strength will be in "kgf/m2". If the distance is in "inches" and mass is in pounds 

(lb) then the tensile strength will be pounds (lbf/in2). 

Shear Stress
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G
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Figure 3-3 Tensile strength for concrete and ultimate strength for steel. 

 

3.1.4 Compressive Strength 

The compressive strength is the stress at which compression failure takes place. This value 

represents the compressive strength of concrete, while it represents the ultimate compressive 

strength of steel. 

 

Figure 3-4 Compressive strength for concrete and compressive ultimate strength for steel. 
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The units of compressive strength are Force/Distance2. For example, using "meters" for 

distance and "kg" for mass, the compressive strength will be in "kgf/m2". If the distance 

in "inches" and mass is in pounds then the compressive strength will be lbf/in2. 

3.1.5 Tensile Yield Stress 

This stress is only available for the steel material model. It is the tensile stress at which 

the steel yields as shown in Figure 3-5. 

 

Figure 3-5 Tensile yield stress for steel. 

3.1.6 Compressive Yield Stress 

This stress is only available for the steel material model. It is the compressive stress at 

which the steel yields as shown in Figure 3-6. 
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Figure 3-6 Compressive yield Stress for steel. 

3.1.7 Ultimate Strength / Yield Stress 

This ratio is only available for the models of steel, aluminum and bilinear materials. The 

ultimate strength/ yield stress is the ratio of the ultimate strength to the yield stress. Default 

value ranges from 1. 11 to 1. 67. This ratio has no units. In case where the material is 

intentionally not required to cut, a large value of this ratio should be introduced. 

 
Figure 3-7  Ultimate strength/yield stress for reinforcement 
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3.1.8 Separation Strain 

Separation strain represents the strains at which adjacent elements are totally separated at 

the connecting face as shown in Figure 3-8. This parameter is not available in the elastic 

material model. 

 

Figure 3-8 Separation strain 

 

Separation of elements takes place when the resultant strain of matrix springs reaches their 

separation strain value.  

For reinforced concrete, when the separation strain for concrete is reached, all springs 

between the adjacent faces including reinforcement bar springs are cut. If the elements 

contact again, they will behave as two different rigid bodies that contacted (Figure 3-9). It 

should be noted that, steel reinforcing bars are cut if its stress reaches the ultimate stress or 

if the matrix springs (concrete springs) reaches their separation strain. 

Each material has its separation strain based on its ultimate strain and whether the loading 

is monotonic, where open cracks tends to keep open, or cyclic where cracks may close. A 

range of 0.1-0.2 separation strain is common for most of materials. 

= Separation 
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Figure 3-9 Elements separate and re-contact again 

 

3.1.9 Friction Coefficient 

This coefficient is available for all material models. The friction coefficient is an important 

factor for calculating the failure envelope for shear-compression failure as well as the 

friction between different elements in contact as shown in Figure 3-10. In other words, it 

is effective when the contact springs between elements are generated. The Friction 

Coefficient has no units. 
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Figure 3-10 Friction between two contacting elements 

 

3.1.10 Density (Specific Mass) 

The density is the mass per unit volume. It has units of (Mass/Distance3). The Specific 

weight is calculated automatically in the program as follows: 

Specific weight= Specific Mass x Gravity Acceleration (3-2) 

It should be noted that having a zero value of specific mass will lead to: 

1. Own weight is not considered. 

2. No dynamic effect will be included. 

The specific mass value is used to calculate the element weight. It has no effect if the 

material is referring to reinforcement bars or long springs as reinforcement bar mass and 

weight is neglected. But when solving a steel structure with implicit steel, this value is used 

to get the steel element weight.  

3.1.11 Damping Ratio “r” 

Damping is classified into external damping and internal damping. The internal damping 

is caused by many factors including: 
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1. Cracking of concrete 

2. Hysteretic loading of concrete, structural steel and steel reinforcing bars (after 

yield) 

3. Friction between elements during contact 

4. Collision and rebound effect. 

The above factors are main damping parameters. But they are effective only when 

nonlinear analysis is performed. Assuming the material is elastic, all above factors will not 

occur. In this case, a damping factor should be used to assure reasonable energy dissipation. 

Assuming the general dynamic equation: 

𝑚�̈� + 𝑐�̇� + 𝑘𝑢 = 𝑓(𝑡) (3-3) 

Where m: mass, c: damping, k: stiffness, �̈�: acceleration, �̇�: velocity, f(t): forcing 

function, u: displacement. 

The damping coefficient “r” is the ratio (c/m).  To have damping ratio “” of 0.05, then 

the user should do the followings: 

1. Estimate a reasonable natural period “T” 

2. Calculate the Natural frequency “𝜔” = 2𝜋/T 

3. Estimate the Damping Coefficient, which is the input to ELS, = 2 ** 𝜔  

This value has a default value of zero because in most of nonlinear analysis cases, internal 

damping is sufficient for good accuracy. 
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It should be emphasized that having external damping causes a deceleration force on falling 

objects. This means that objects will fall “unrealistically” slow.  

3.1.12 Post-Yield Stiffness Ratio 

This parameter is available for steel and bilinear material models only. The yield plateau 

of steel is horizontal. However, for numerical stability a small value is used for stiffness of 

steel. A default value of 1% of the Young’s modulus of steel is used. Referring to 

Figure 3-11, the post-yield stiffness ratio is the ratio between post-yield and pre-yield 

tangent modulus of steel. Based on Figure 3-11, the post-yield stiffness is equal to the ratio 

E1/E. The default value for this ratio for steel, aluminum and bilinear materials is 0.01.  

 

Figure 3-11 Post-yield stiffness ratio 

 

3.1.13 Minimum stiffness factor 

When tangent stiffness is very small, zero or negative, a minimum stiffness is preferred to 

be used to avoid numerical divergence. Examples for such a case are concrete normal 

stiffness in compression close-to-peak point and post-peak point, concrete normal stiffness 

in post-cracking phase and concrete shear stiffness in post-shear failure phase as illustrated 

in Figure 3-12. A minimum factor is used to represent the ratio of the minimum stiffness 
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to the initial stiffness. This results in a difference between the calculated stress and stress 

corresponding to the spring strain. These unbalanced stresses are redistributed by applying 

the redistributed force values in the reverse direction in the next loading step. 

 

 

Figure 3-12  Minimum normal and shear stiffness factors 

 

3.1.14 Shear strength 

Shear strength of a brittle material is defined as the strength of material when subjected to 

pure shear, i.e when the normal stresses are zero. If the material is subjected to combined 

normal compressive stresses and shear stresses the failure of the material follows the Mohr-

Coulomb failure envelope as shown in Figure 3-13, where, 

  o  (3-4) 

Where; 

= shear strength under coupled normal and shear stresses 

= shear strength under pure shear, cohesion (Input Value) 

 = coefficient of friction = tan () 
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= Angle of internal friction (Input Value) 

 = normal compressive stresses 

If the material is subjected to normal tensile stresses, the failure envelope is assumed 

linear with a limiting normal strength of ft when the shear stress is zero as shown in 

Figure 3-13.   

 

Figure 3-13  Failure envelope for combined shear and normal stresses 

 

3.1.15 Residual shear strength factor 

After cracking of a brittle material, shear stress transferred at the surface of the crack 

becomes highly affected by the roughness of the crack surface as well as the normal stresses 

acting on it. When the crack surface is subjected to compressive stresses, the shear transfer 

is of quite considerable value for crack surface with highly corrugated shape, like normal-

strength concrete with high aggregate interlocking, while for smooth crack surface, the 
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shear transfer is very small. The residual shear strength factor represents the ratio of the 

residual shear strength to the original shear strength value. It ranges from zero to unity 

based on the shape of the crack surface as illustrated in Figure 3-14. When the cracked 

surface is subjected to tensile normal stresses, however, the residual shear strength is 

neglected in the ELS as shown in Figure 3-14. 

 

 

Figure 3-14 Residual shear strength 

 

3.1.16 Rupture of reinforcing bars 

In ductile materials such as reinforcing bars, the rupture of the material takes place in one 

of the following cases: 

1. The reinforcement bar stresses satisfy the failure criteria. The failure criterion is 

that the resultant stress reaches the ultimate strength of the reinforcing bar (Meguro 

and Tagel-Din, 2003); 
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uf
2

2
2

1
2   (3-5) 

2. Each spring will be removed when the norm of the strains reaches separation strain, 

defined in section 3.1.8, (Meguro and Tagel-Din, 2003) i.e. when; 

2
2

2
1

2    > separation strain (3-6) 

3.1.17 Shear stress weight in reinforcing bars 

According to section 3.1.16, the failure of reinforcing bars is dependent on both normal 

and shear stresses. The flexural rigidity of reinforcing bars, however, is not considered. 

This may cause early failure when the reinforcing bar is subjected to high shear stresses. 

Therefore, a shear stress weight factor is introduced in the analysis to counteract early 

potential failure. This factor is ranging between 0 and 1. Zero value means that the shear 

stress is not included at all in Eq. (3-5) and all shear stresses are redistributed as unbalanced 

forces, while unity value means that all shear stresses are included in the Eq. (3-5). A value 

of 0.2 means that shear stresses of only 20% of the ultimate stress is considered in Eq. (3-

5) and stresses above that are not included but considered as unbalanced forces. 

3.1.18 Failure softening factor 

In ductile materials such as reinforcing bars, the rupture of the material takes place when 

it reaches a relatively high level of stresses. Sudden loss of such high stresses may cause 

high stress concentration and even numerical instability, therefore, a failure softening 

factor is introduced in ELS where the stresses after rupture are assumed to be gradually 

released to overcome such an issue. A softening factor of 1.0 allows the stress to drop in 

one analysis step without any softening, while a softening factor of zero allows it not to 
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drop at all and to keep the stress constant after failure and the material will behave like a 

perfectly plastic material. A value in between should be used by the user, and 0.1 by default 

is a reasonable and recommended value. It is worth mention that the normal and shear 

stiffness are kept zero after failure. 

 

  

Figure 3-15 Failure softening factor 

 

3.2 Elastic Materials 

For elastic materials, the stress-strain ratio is continuously constant as shown in 

Figure 3-16. This ratio is the Young’s Modulus for normal stresses and shear modulus for 

shear stresses. In ELS, elastic materials will behave linearly without any plastic 

deformations or failure under both normal and shear stresses.  
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Figure 3-16 Normal and shear stress-strain relationships in elastic materials. 

 

3.3 Linear Models 

In ELS, linear materials will behave linearly without any plastic deformations in normal 

stresses up a predefined failure point. Carbon fiber Polymers are samples of such materials. 

After failure, the strength by default drops to zero but springs remain till they reach 

separation strain where the elements are separated from each other and springs do not exist 

anymore. It is however optional for the user to control the rate of strength drop using a 

softening factor similar to that mentioned in section 3.2 as shown in Figure 3-17.  
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Figure 3-17 Normal stress-strain relationship in linear model. 

 

A similar softening parameter is used for that of the normal stresses. The shear stiffness is 

proportional to the normal stiffness as follows; 
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(3-7) 

where Go is initial shear stiffness; Eo is initial normal stiffness and Ecur is the current normal 

stiffness.  

On the other hand, if shear stresses exceed the shear strength of the material, shear failure 

is assumed and stress drops to zero with the same way that normal stresses do when they 

reach failure level. 
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3.4 Tension-only Linear Model 

Tension-only linear material is a special case of linear material where the material can carry 

only tensile stresses. Cables, ropes and slender steel rods are samples of such material. 

After tension failure, the strength, by default, drops to zero but springs remain till they 

reach separation strain where the elements are separated from each other and springs no 

longer exist. It is however optional for the user to control the rate of strength drop with the 

failure softening parameter as explained above. As for shear stresses, linear relationship is 

also considered up to failure. The shear stiffness is proportional to the normal stiffness as 

explained above in section 3.3, and if shear stresses exceed the shear strength of the 

material, shear failure is assumed and stress drops to zero with the same way that normal 

stresses do when they reach failure level. 

 
Figure 3-18  Normal stress-strain in tension-only linear model. 
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3.5 Reinforced Concrete Models 

3.5.1 Concrete models 

For modeling of concrete under compression, the compression model of Maekawa 

(Maekawa and Okamurs, 1987) (shown in Figure 3-19-a) is adopted. In this model, three 

values are used to define the envelop for compressive stresses and compressive strains: the 

initial Young's modulus, the fracture parameter, and the compressive plastic strain. The 

fracture parameter represents the extent of the internal damage of concrete while the plastic 

strain represents the level of the residual plastic deformations in compression. The tangent 

modulus is calculated according to the strain value at the spring location. Unloading and 

reloading can be conveniently described in the model. 

After peak stresses, spring stiffness is assumed as a minimum value to avoid negative 

stiffness. This results in a difference between the calculated stress and stress corresponding 

to the spring strain. These unbalanced stresses are redistributed by applying the 

redistributed force values in the reverse direction in the next loading step.  

For concrete springs subjected to tension, spring stiffness is assumed as the initial stiffness 

until reaching the cracking point. After cracking, stiffness of springs subjected to tension 

is set to be minimum as described in section 3.1.13. The residual stresses are then 

redistributed in the next loading step by applying the redistributed force values in the 

reverse direction. 

The relationship between shear stress and shear strain is assumed to remain linear till the 

cracking of concrete. When concrete stresses reach the strength limit shown in Figure 3-13, 

concrete is considered cracked. For tensioned concrete, both normal and shear stresses drop 
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to zero. However for compressed concrete, the shear stress value is limited to a certain 

value dependent on the compressive stresses as shown in Figure 3-14 and the shear stress-

shear strain relationship follows the curve shown in Figure 3-19 -b. The level of drop of 

shear stresses depends on the aggregate interlock and friction at the crack surface and is 

defined by the residual shear strength factor. 

When concrete is subjected to combined normal compressive stresses and shear stresses 

the failure of the material follows the Mohr- Coulomb failure envelope as shown above in 

section 3.1.14 . When concrete is subjected to normal tensile stresses, the failure envelope 

is assumed linear with a limiting normal strength of ft where the shear stress is zero as 

shown in Figure 3-13.  After cracking of concrete, a residual shear strength is considered 

as explained above in section 3.1.15. When the cracked surface is subjected to tensile 

normal stresses, however, the residual shear strength is neglected in the ELS as shown in 

Figure 3-14. 

3.5.2 Reinforcing Bars Model 

For reinforcement springs, the scheme for the envelope curve steel in tension and 

compression is shown in Figure 3-19-c. Three stages are considered; elastic, yield plateau 

and strain hardening. The basic constitutive equations are,    
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 E   in the elastic range (3-8) 

 )( yshy Ef         in the strain hardening range (3-9) 
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 (3-10) 

Where, : Strain.  

          : Stress 

          E: Steel Young's modulus 

          y: Yield strain  

         fy: Yield Strength 

          Esh: Yield plateau modulus 

          fsh: Stress at the end of yield plateau stage 

          sh: Strain at the end of yield plateau stage 

         u: Ultimate strain 

        fu: Ultimate Strength 

 

According to Giuffre and Pinto (1970) which was later implemented in Menengotto and 

Pinto (1973); unloading and reloading stress-strain models are adopted in the analytical 

procedures as illustrated in Figure 3-19-c.     
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The tangent stiffness of reinforcement is calculated based on the strain from the 

reinforcement spring, loading status (either loading or unloading) and the previous history 

of steel spring which controls the Bauschinger's effect. The rupture strain of reinforcement 

is defined in ELS. For more details about material models used, refer to Tagel-Din and 

Menuro (2000). 

The basic cyclic constitutive equations are,    
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(3-11) 

Where,  

          : Current stress  

          :  Current strain 

          S: stress at unloading or reloading point 

          S: strain at unloading or reloading point 

          ES: Stiffness at unloading or reloading point 

          E: stress at approach point 

           E: strain at approach point  
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As for shear stresses, linear relationship is also considered up to failure. The shear stiffness 

is proportional to the normal stiffness as explained above in section 3.3.  

sG   (3-12) 

Similar to linear model, a stress-softening parameter is used after failure in both normal 

and shear loading. 
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(b) concrete under shear stresses 

 

 

 

(a) concrete under axial stresses 

 

Envelope    cyclic model 

(c) Reinforcement under axial stresses 

Figure 3-19 Constitutive models for concrete and reinforcement used in ELS 
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3.6 Composite Steel-Concrete Models 

A composite steel-concrete member could be modeled in a sophisticated way by 

individually modeling elements of both concrete and steel. However, an easier, more user-

friendly modeling of composite members is available in ELS®. In this method, the 

percentage of cross sectional area of steel section is relatively small compared to that of 

the concrete area, where a composite member is modeled as shown in Figure 3-20. The 

cross section is divided into cells where steel springs are put at the location of steel section 

elements. The default interface material between concrete and steel is concrete.  

As for bare steel members, the same concept is followed where only elements containing 

parts of the steel section are used while other elements are considered as vacuum elements 

with no material inside as shown in Figure 3-21. Alternatively, a bare steel section can be 

modeled by explicitly modeling the constituent parts of the member such as webs, flanges, 

etc. 

The steel behavior follows the same models used above for reinforcing bars, except for the 

failure criterion, where the failure criterion is based on the principal tensile strain. 

http://www.appliedscienceint.com/
http://www.extremeloading.com/


Extreme Loading® for Structures V9  Theoretical Manual 

www.appliedscienceint.com ꓲ www.extremeloading.com 69 

 

Figure 3-20 Modeling of Composite Steel-Concrete Members 
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Figure 3-21 Modeling of Steel Members (implicit technique) 

 

3.7 Masonry Wall Models 

Masonry walls can be simulated in ELS either alone or inside reinforced concrete or steel 

frames as shown in Figure 3-22. Windows can also be simulated in any arbitrary location 

inside the wall. The window is composed of glass with outer and inner aluminum frames 

as shown in Figure 3-22. 

The brick can be simulated either in a staggered pattern, in its real configuration, or as a 

continuum like concrete as shown in Figure 3-23. The real configuration includes the 

individual bricks in a staggered pattern connected by mortar. The brick itself can be divided 
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hand, the continuum simulation, or the macro simulation, represents the brick wall as one 
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homogenous material. This model is practical especially when analyzing concrete masonry 

units. 

 

Figure 3-22 Modeling of Masonry Walls 
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Figure 3-23 Different Meshing for Masonry 

Since it is not practical to model the mortar as separate elements, the thickness of mortar 

is not included in the real configuration approach. Instead, an average of properties should 

be introduced by the user for the mortar and the adjacent brick element.  

 

Figure 3-24 Properties averaging for brick and mortar (implicit technique) 
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The initial stiffness of the element should take into consideration the size of the element 

and the thickness of the mortar as follow; 
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(3-13) 

Where; 

Eb= Young’s modulus of bricks 

Em=Young’s modulus of mortar 

L= size of brick element 

t= thickness of mortar  

The behavior of both brick and mortar is similar to that of concrete mentioned above. Also, 

the aluminum behavior is very similar to the behavior of steel mentioned above with 

different Young's modulus, yield stress, and ultimate strength. 

The glass is a brittle material and assumed to follow the same model of concrete. The 

fracture process and fragmentation of glass occurs randomly and needs special care in 
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meshing. Therefore, and in order to obtain a realistic reasonable fracture pattern of glass 

windows in ELS, the so called "Voronoi Diagram" or "Delaunay Triangulation" is adopted 

as shown in Figure 3-25. 

 

Figure 3-25 Delaunay Triangulation "Voronoi Diagram" Meshing in ELS 

 
 

3.8 Bilinear Model 

The bilinear material, shown in Figure 3-26, behaves linearly up to the yielding point 

without any plastic deformations in normal stresses. After yielding point, plastic 

deformations take place and the stress-strain relation behaves linearly up to failure. After 

failure, the strength drops to zero but springs remain till they reach separation strain where 

the elements are separated from each other and springs no longer exist. A stress-softening 

parameter is used after failure in a similar manner of the linear model. 

The unloading stage is linear as shown in Figure 3-27. The slope of unloading stage equals 

to the initial stiffness. Partial unloading and reloading paths are coinciding as shown in 
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Figure 3-27. As for shear stresses, the relation between stresses and strains is linear. A 

stress-softening parameter is used after failure in a similar manner of the linear model. The 

shear stiffness is proportional to the normal stiffness as follows; 

o

cur

E
E

oGG 

 
(3-14) 

where Go is initial shear stiffness; Eo is initial normal stiffness and Ecur is the current normal 

stiffness 

 
Figure 3-26 Normal stress strain in bilinear model 
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Figure 3-27 Unloading and reloading paths in bilinear model 
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3.9 Tension-Only Bilinear Model 

Tension-only bilinear material is a special case of the bilinear material where the material 

can carry only tensile stresses. Steel cables are samples of such material. A sample of 

hysteretic curve is shown in Figure 3-28. A stress-softening parameter is used after failure 

in a similar manner of the linear model.  

As for shear stresses, the relation between stresses and strains is linear. The shear stiffness 

is proportional to the normal stiffness as follows; 

o

cur

E
E

oGG 

 
(3-15) 

where Go is initial shear stiffness; Eo is initial normal stiffness and Ecur is the current normal 

stiffness 

Similar to linear model, a stress-softening parameter is used after failure in both normal 

and shear loading. 

 

 
Figure 3-28 Normal stress strain in tension only bilinear model. 
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3.10 Multi-Linear Model 

The multi-linear model is a user-defined model that can be used to define arbitrary 

nonlinear behavior of materials. Loading, unloading and reloading paths are considered 

linear as shown in Figure 3-29. The unloading stiffness for each stage equals a user-defined 

unloading stiffness ratio multiplied by the initial stiffness. Figure 3-29 shows different 

possible scenarios for loading, unloading, and reloading where the target point is 

represented by the last point achieved in opposite side or the end point of first segment in 

the opposite side, whenever this is the first time to load in the opposite side. 

For shear stresses, they follow multilinear elastic model where shear modulus to Young’s 

modulus ratio is kept constant till the failure under ultimate shear strain, if so, no more 

shear could be carried. 

G = (Initial G/Initial E)* Current E 

 D  G  (3-16) 

where D is the difference between shear strain in the current step and previous step and 

G is the current shear modulus defined above. 

Similar to linear model, a stress-softening parameter is used after failure in both normal 

and shear loading. 
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Figure 3-29 Normal stress-strain constitutive law in multi-linear model. 
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3.11 Bearing Model 

The bearing material model is a pre-cracked model where the material is initially cracked 

and cannot carry tensile stresses. As for compression, the stress-strain relation is linear up 

to compression failure stress as shown in Figure 3-30. 

As shown in Figure 3-31, the relationship between shear stress and shear strain is assumed 

linear with stiffness equals the material shear modulus till the shear stress exceeds μn 

(coefficient of friction times normal stress) where the shear stress remains with this value 

(μn) as long as normal stresses are not changed. Again, increasing the compressive 

stresses will make shear stresses to increase again with the shear stiffness till shear stresses 

reach μn. The shear stiffness is set as minimum if the crack is open or during sliding, i.e. 

when shear stress is greater than (μn) 
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Figure 3-30 Normal stress-strain relation in bearing material model. 

 
Figure 3-31 Shear stress-strain relation in bearing model. 
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3.12 User-Defined Material Model 

 
ELS supports the User Defined Material Model (UDMM). These flexible and dynamic 

features give the users the ability to define their own material constitutive models within a 

general easy-to-use programming framework using Dynamically Linked Libraries 

(DLL’s). Developing custom UDMM requires validation, testing, and understanding of the 

ELS solver with which it is interacting. It’s highly recommended that the user conducts a 

reasonable plan of testing with various modeling and loading conditions before using these 

DLL’s in a real application. The UDMM has a simple implementation however it interacts 

with three different modules inside the ELS; the modeler, the viewer, and the solver as 

shown in Figure 3-32. 

 

Figure 3-32 Implementation of UDMM 

3.13 General Material Model 

 
ELS supports the General Material Model (GMM) for users who has no background in 

coding and can not develop an external DLL for a UDMM. A general model that can be 

defined by any arbitrary envelop and hysteretic loops are defined by the user, where the 

user can define different types of material failure, brittle or ductile, can define the material 
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strain-rate effect and also define the material weakening due to corrosion or fires. The 

GMM is explained in a separate manual. 
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4 Loading 

ELS software contains many types of loadings. These loadings are: 

1- Own weight 

2- Static loading 

a. Concentrated loads. 

b. Displacements. 

c. Hydrostatic pressure. 

d. Uniform pressure. 

e. Moving load. 

f. Line load. 

g. Custom load. 

3- Dynamic loading 

a. Concentrated loads. 

b. Displacements. 

c. Earthquake. 

d. Blast. 

e. Uniform pressure. 

f. Moving load 

g. Vehicle load. 

h. Pressure sources. 

i. Custom load. 
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4.1 What are loading stages? 

Different types of loading can be applied to the structure; however, loading stages must be 

used for nonlinear analysis. Table 4.1 gives several examples on how to use loading stages. 

Table 4.1 Loading stages in ELS 

Case Linear Analysis Nonlinear Analysis 

Dead + Live loads Both loads can be applied at 

the same time or the results of 

both analysis are added 

together 

Sequence of loading is important, own 

weight and dead loads should be added 

first and then live loads 

Earthquakes Gravity loads could be added 

to the results of dynamic 

analysis under earthquake to 

get final results 

Gravity loads should be applied first to the 

structure before applying the earthquake. 

The earthquake is applied to the structure 

with initial stresses resulting from gravity 

loads.  

A projectile 

impacting a building 

Cannot be performed In the first stage, the structure needs to be 

analyzed under gravity load in a static 

manner. The projectile can be activated to 

the problem in the second stage with an 

initial velocity. The second stage should 

then be a dynamic stage. 
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4.2 Loading Stages 

ELS performs analysis for both static and dynamic loading scenarios. Each loading stage 

must be defined separately as either static or dynamic. From Table 4.1, it is critical to 

apply loads at separate stages. In each stage the user is allowed to: 

1- Define the loading stage type: static or dynamic 

2- Boundary conditions, or supports, can be variable with each stage.  

3- Initial velocity or initial acceleration can be defined for a group of elements at 

each stage. 

4.3 Static Loading 

4.3.1 General 

Own weight loading is the consideration of the weight of structural elements themselves 

and any superimposed gravity loads. The first stage of loading is allocated for considering 

the own weight and other gravity loads which by default exists in all subsequent loading 

stages. Hence the first loading stage should be defined as “Static” or “Own Weight” stage. 

In some cases, special considerations should be made to include the own weight effect, for 

example, 

1- In cases where a falling object collides with a building. The overall behavior is 

“unstable” for the own weight loading stage due to the existence of an 

unsupported object in the air. This case can be solved in a dynamic stage only and 

cannot be solved in a static stage. Hence, to include the own weight of the 
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structure, the falling object should be added in the second stage. In the second 

stage, solve the whole system in dynamic while the falling rock is moving. 

2- In case of a pendulum to be solved, the pendulum is originally unstable. Hence, it 

cannot be solved under own weight in static. So, the pendulum should be added in 

the second stage “the dynamic stage” to start the motion. 

The “own weight” feature accounts for weights of elements that will be included in the 

model. The non-structural elements which are not included in the model can be accounted 

for by the following methods: 

1- Increasing the specific weight of the elements to account for other weights. 

 For example, the reinforced concrete specific gravity is approximately 0.156 

kps/ft3. To account for other weights, live loads and flooring, a new specific 

weight value should be calculated so that the other weights are considered. 

Suppose that a slab with thickness 6 inch with a specific gravity of 0.156 kps/ft3, 

live loads = 0.041 kps/ft2 and flooring = 0.031 kps/ft2. Hence the total weight per 

square meter = (6/12 x 0.156 + 0.041 + 0.031) = 0.15 kps/ft2. The new specific 

gravity for concrete should be 0.0954/0.5 = 0.30 kps/ft3 instead of 0.156 kps/ft3. 

2- Using lumped mass. 

In some cases the load is concentrated in one point or line. Hence, additional 

weights should be added to the elements at these locations to account for those 

loads using lumped mass. 

 

http://www.appliedscienceint.com/
http://www.extremeloading.com/


Extreme Loading® for Structures V9  Theoretical Manual 

www.appliedscienceint.com ꓲ www.extremeloading.com 88 

4.3.2 Load Control and Displacement Control 

Static displacement control is used to add concentrated displacement to specific elements. 

These displacement loads can be in the form of predefined displacements in X, Y and Z or 

predefined rotations around X, Y and Z, respectively. The applied displacement applied in 

equal increments calculated by dividing the applied displacement by the specified number 

of increments. 

The main difference between displacement control and load control is that in displacement 

control the displacement is known while the applied load is unknown. On the other hand, 

in load control cases, the applied load value is known while the resultant displacement is 

unknown. 

One main advantage of displacement control is that it can follow the post-peak behavior so 

the failure load can be calculated easily. But in case of load control, usually the solver stops 

when reaching the failure load.  

The main disadvantage of displacement control is that it cannot be easily implemented in 

case of distributed loads or concentrated loads at several locations it cannot be used for 

distributed loads as the load value is not known.  

It is not recommended to use forced-displacements in more than one loading point.  In case 

the same problem is to have both concentrated loads together with displacement loads, they 

cannot be applied together in the same stage. So, you must define more than one loading 

stage and put the displacement loads in one stage and the concentrated loads in another 

one. 
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4.4 Dynamic Loading 

Dynamic loads are the loads that vary with time. The structural behavior, internal force, 

geometry is also a function of time. If the user decides to work with dynamic loads, then: 

1- The time step for analysis should be selected soundly. If the behavior includes 

collision, then the time step should be small when collision occurs.  

2- If the user sets the element mass as zero, then the analysis is static as the inertia 

forces will be zero. 

4.4.1 Calculation Time Step 

Time effects are continuous since the start of loading till the end of the analysis. The 

adopted numerical solution is based on the assumption of a small time step that can follow 

the structural behavior 

The selection of the time step is very important. Having too short a time step will result in 

very long analysis time. Using a large time step will result in less accurate analysis. The 

numerical solution may fail to converge if the selected time step is large. Say that the time 

step is ΔT, then the shortest period that can be considered in the analysis is 2ΔT (Highest 

frequency is 𝜋/Δ𝑇). All frequencies higher than this frequency will not affect the analysis. 

The applied excitation is applied as a record (in earthquake excitation), with a recording 

time step. For calculation purposes, the recording time step is subdivided into smaller steps 

called division steps (i.e. calculation time step is smaller than the recording time step). The 

ratio of recording/calculation time step is usually bigger than unity. The bigger the ratio is 

the higher the accuracy and the convergence of results. Earthquake analysis usually require 
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Δ𝑇 of 0.001-0.01 sec. When collision is expected to occur, the time step should be less than 

the contact time between elements to have good contact relations.  

4.4.2 Load Control and Displacement Control 

Displacement control and load control follows the same procedure mentioned above in 

section 4.3.2 

4.4.3 Earthquake 

In earthquake dynamic analysis, the time series for applied earthquake acceleration 

excitation is user-defined. The seismic accelerations are applied following the own weight 

application stage (Stage 1). Figure 4-1 shows a time history of an earthquake which is input 

to the ELS.  

 

Figure 4-1 Time History of an Earthquake 
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4.4.4 Lumped Mass 

Inertia forces are induced in dynamic analysis. Inertia forces are the multiplication of 

acceleration times the mass. The mass can be distributed or lumped at a small volume. A 

lumped mass can be assigned to any group of elements.  
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4.4.5 Blast Scenario 

Blast effects are modeled using free & surface-field models of blast waves. The pressure 

resulting from the blast wave is a function of explosive weight, distance to the explosive 

and time. Alternatively, user-defined blast pressure is also available. For more details about 

the blast scenario see Blast Theory Manual. 

4.4.6 Pressure Control 

Pressure history can be introduced to the structure in ELS. The location of the source of 

the input pressure should be defined and it decides which elements are subjected to 

compression and which are subjected to suction. 

Using larger time step with large number of step divisions would lead to inaccurate input 

pressure values, because pressure values lying between input ones will be interpolated as 

shown in Figure 4-2-b. A better solution is to use small time step with small number of step 

divisions as shown in Figure 4-2-c. For example it would be better to use 𝚫T= 0.0001 

seconds with one step division than using 𝚫T =0.01 seconds with 100 step divisions.  
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a) Pressure history b) large ΔT with large 

number of step divisions 

c) Small ΔT with small 

number of step divisions 

Figure 4-2 Pressure control with abrupt change in pressure value 

 

4.4.7 Element Demolish and Construction 

Element removal is generally used in building implosion and progressive collapse cases, 

where the user knows which elements are expected to fail and thus cause the structure to 

collapse. The advantage of such a way is the reduction in computation time compared to 

the blast solution.  

In case of element construction, a group of elements do not exist at the start of the analysis 

and become created at a certain stage. This is useful for staged construction analysis. 

The user has the flexibility to activate elements or links at a certain stage and remove them 

later at another stage. 

4.5 Temperature Loads 

Temperature loads cause thermal strains in springs. This strain is given by the product of 

the temperature change at the spring location and the coefficient of thermal expansion of 
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the material. The user needs to define the coefficient of thermal expansion for each material 

as well as the temperature distribution surrounding the element as shown in Figure 4-3. 

ELS interpolates the temperature changes domain and calculates the temperature changes 

at each spring in the problem. The strains in each spring are calculated as follows; 

TD   (4-1) 

Where; 

  is the coefficient of thermal expansion. 

TD  is the change in temperature. 

 

 
Figure 4-3 Temperature changes. 
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5 Boundary and Initial Conditions 

5.1 Analysis Domain Boundaries 

In ELS, three options are available; 1) not to specify a certain domain boundary, 2) to 

specify a reflecting domain boundary and 3) to specify a killing domain boundary. The 

reflecting boundary is a boundary at which elements can hit and rebound, while the killing 

boundary is a boundary at which elements that hit it do not rebound and they are removed 

from the analysis once they hit it.  

 

Figure 5-1 Definitions: Analysis Domain Boundaries, Boundary, Support 
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5.2 Assigning Boundary Conditions (Restrains or Supports) 

Boundary conditions are assigned to a point of the body (in other words to the center of 

mass of a small element in the body mesh). Selecting the element (or group of elements) 

and referring to Figure 5-2, the boundary conditions are either displacement restraints or 

rotational restraints. In total, six restraints are available. The boundary conditions may 

differ according to the loading stage, or may be the same for all stages. Degrees of freedom 

may be restrained in any of the global axes directions, hence creating supports in the 

direction of concern. In ELS, supports can be rigid supports and/or deformable supports. 

Having a rigid support means that the displacement in the direction of restrained degree of 

freedom should be zero. Deformable supports are supports that partially allow the 

displacements in the direction of concern. This is similar to the so called "Elastic Supports", 

but since here nonlinearity is introduced, the word "deformable" might be more suitable 

than the word "elastic". 

5.2.1 Rigid Supports 

If the supporting elements totally prevent a certain displacement component, they are called 

“rigid supports”. Having a restrained degree of freedom at a certain joint leads to a reaction 

force or moment in the direction of concern. The following are some common rigid 

supports. 

5.2.1.1 Fixed Supports 

In such supports, all displacements and rotational degrees of freedom are restrained; refer 

to Figure 5-2. In that case six components of reactions are calculated and all obtained 
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displacements at that joint are zero. A common example of a fixed support is the support 

at the column base connected to a thick raft foundation.  

 

Figure 5-2 Elements fixed in translational degrees of freedom in x, y, and z-directions 

 

5.2.1.2 Hinged Supports 

For hinged supports, the translational degrees of freedom are restrained, while the 

rotational degrees of freedom are set free. In that case, reaction components are forces 

calculated for restrained displacement components only. A common example of hinged 

support is the support at a connection between a truss and its bridge piers. 
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Figure 5-3  Hinged and roller supports 
 

For modeling the hinged supports of the beam shown in Figure 5-3, select the elements 

shown and restrain them against displacement in (x, y, z). As shown in Figure 5-3, it is 
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one row will cause rotational fixation and lead to developing of moments at the end of the 

beams. 
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In that case one or two displacement components are restrained as shown in Figure 5-3. 
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5.2.2 Deformable Supports 

For deformable supports, ELS allows the use of “Contact Boundaries”. These contact 

boundaries exist at "Minimum Z", "Maximum Z", "Minimum Y", "Maximum Y", 

"Minimum X", and "Maximum X". 

For example, in the common case, at "Minimum Z" connectivity springs are generated 

between the columns, and the contact boundary. Having columns supported by contact 

boundaries is equivalent to having columns supported by elastic supports in both 

translational and rotational DOF. To control stiffness of elastic support, the “Contact 

Boundary” has a specific material ID representing the properties of connecting springs to 

the ground. In the case of progressive collapse analysis, falling elements collide with this 

boundary and rebound. 

 

5.2.3 Elastic Boundary Conditions 

In some cases, it is convenient to analyze a specific part of the structure. To account for 

the boundary condition at the points of connection of this part and the remaining structure, 

elastic supports are usually used. An example is shown in Figure 5-4, where the central 

column is replaced with an elastic support that has the same stiffness of the removed 

column and is placed at the column location. To do this in ELS®, the user open the loading 

scenario dialogue box and select “Elastic Boundary Condition” as shown in Figure 5-5, 

and hence define the displacement stiffness and rotation stiffness. 
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Figure 5-4  Elastic supports 

 

 
Figure 5-5  Defining elastic boundary conditions 
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5.2.4 Lumped Damping 

An example for lumped damping is illustrated in Figure 5-6 for soil boundary subjected to 

seismic action. In ELS®, three translational viscous damping (Cx, Cy and Cz) as well as 

three rotational ones (Crx, Cry and Crz) can be defined for each element. The viscous 

damping for each degree of freedom is defined in the lumped damping dialogue box shown 

in Figure 5-7. 

 
Figure 5-6  Lumped damping at soil boundary 

 

 
Figure 5-7  Defining factors for lumped damping 
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5.2.5 Planes of Symmetry and Skew Symmetry 

In some cases, structures are completely symmetric or skew-symmetric in geometry and in 

loading, about one or more planes. In that case, it is wise to take advantage of symmetry, 

especially when the structure is relatively large in size. It is worth noticing that solving 

one-quarter of the structure shown in Figure 5-8, due to its symmetry about X-Z and Y-Z 

planes, results in reducing the analysis time to around 1/10 the original time. The main 

precaution in modeling half or quarter of the structure is to assign proper boundary 

conditions. Figure 5-9 shows a sample of restrained degrees of freedom in case of 

symmetry about the Y-Z plane. Figure 5-10 shows a sample of restrained degrees of 

freedom in case of skew symmetry about the Y-Z plane.  

 
Figure 5-8 Sample of restrained degrees of freedom in case of symmetry about the both X-Z plane & 

Y-Z planes. 
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Figure 5-9 Sample of restrained degrees of freedom in case of symmetry about the Y-Z plane. 

 
 
 

 
Figure 5-10 Sample of restrained degrees of freedom in case of skew symmetry about the Y-Z plane 

 

If planes of symmetry and/or skew symmetry intersect, joint restraints at the intersection 

line should be set to the summation of restrained degrees of freedom of both planes. This 

rule applies for intersection between two planes of symmetry, two planes of skew 

symmetry and a plane of symmetry with a plane of skew symmetry. 

5.3 Initial Conditions (Velocity or Acceleration) 

To solve a time-dependent problem numerically, initial conditions are required (velocity 

and acceleration values at the start of motion, t =0.0). As a default, the body initial 
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conditions are set equal to zero as long as the motion starts from rest. However, in some 

modeling cases such as modeling projectiles or elements in motion, the initial velocities or 

accelerations may not be equal to zero. 

As previously explained, Stage 1 is for the own weight application. In this stage, the 

modeled moving body is considered to be at rest (fixed) as no motion is yet started. In the 

following stage the moving body should have no motion restraints and the initial velocity 

or acceleration is assigned. Another simpler way is to make staged construction so that the 

moving body is not included in Stage 1 and activated with its initial velocity or acceleration 

in Stage 2.  
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6 Element Contact 

6.1 Introduction 

One of the main breakthrough features in ELS, is automatic element contact detection. The 

user is not required to predict where or when contact will occur. Elements may contact and 

separate, re-contact again or contact other elements without any kind of user intervention. 

This section shows an overview of how the contact between elements is modeled. 

6.2 Contact Types 

There are several types of contacts; corner-to-face contact, edge-to-edge contact and 

corner-to-ground contact. 

6.2.1 Corner-Face Type 

Figure 6-1 illustrates the first types of contacts, in which a corner from one element hits 

one face of another element. In some cases, as shown in Figure 6-2, two or more corners 

of the same element may contact the other elements. 

 

Figure 6-1 Corner- to-Corner Contact 

 

Shear spring in XShear spring in XShear spring in XShear spring in XShear spring in yShear spring in yShear spring in yShear spring in y Normal SpringNormal SpringNormal SpringNormal Spring

http://www.appliedscienceint.com/
http://www.extremeloading.com/


Extreme Loading® for Structures V9  Theoretical Manual 

www.appliedscienceint.com ꓲ www.extremeloading.com 106 

 

Figure 6-2 Element colliding with two elements 

 

6.2.2 Edge-Edge Type 

As shown in Figure 6-3, two elements are in contact at their edges. 

 

Figure 6-3 Edge-to–edge contact 

 

6.2.3 Corner-Ground Type 

 

Figure 6-4 Corner- to-Ground Contact 
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Referring to Figure 6-4, the corner of an element is in contact with the ground. This is very 

similar to the type corner-face except that the contact is between the element and the ground 

at Min-Z instead of having the contact with other element face. 

 

6.3 Contact Stiffness 

When contact occurs between elements, springs are generated at contact points. Those 

springs are linear springs that transfer energy between elements. Contact spring stiffness 

should have a reasonable value. Having a very high contact stiffness value causes a large 

shock force to transfer between elements while having a low contact stiffness value causes 

a reduction in the transmitted forces when elements collide. The following sections define 

the main parameters and give guidance on choosing reasonable stiffness values. 

The following steps are used to include the contact stiffness matrix: 

a) Getting the Contact point. In case of corner-face type, the corner coordinate is 

considered as the contact point, while in edge-edge type, the center of the line 

connecting the closest two corners of each edge is considered the contact point 

b) Adding Contact Springs. Three contact springs are added at each contact point; 

one normal spring and two shear springs. In case of corner-face type or corner-

ground type, the normal spring is considered perpendicular to the contact face while 

in case of edge-edge type, the normal spring is perpendicular to the plan composed 

of the two contact edges. The two shear springs are perpendicular to the normal 

spring and to each other. In case of corner-face type, the shear springs are in the 
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same plane with the element face while in case of edge-edge type; the shear springs 

lie in the same plane with the two colliding edges 

c) Calculating the contact stiffness. When two elements with different material 

properties collide, the spring properties are governed by material with softer 

properties. The following explains how contact stiffness is included: 

The normal spring stiffness is calculated as: 

Stiffness = EA/ D (6-1) 

Where;  

"E" is the minimum Young’s modulus of the two elements 

"A" is the average contact area between elements 

D is the center to center distance between the two elements (assumed in the analysis 

as a constant value calculated from average element size). So, the user does not 

have control over the value of “D” 

 

Figure 6-5  Normal contact stiffness factor 
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Assuming that “D” is a ratio of the Average face area,  “A” = NF * D2 

Where, NF=A/D2 

Finally, the spring stiffness is calculated as E * NF * D. The value of NF is an input 

parameter named “Normal Stiffness Factor”   

The above equation is used to calculate the stiffness value of normal spring when 

loading occur. A default, reasonable value of Normal Stiffness Factor for all 

materials is set to 0.0001. 

Shear Stiffness factor is very similar to the concept of Normal Stiffness Factor. 

However, because the transmitted normal force is always higher than the 

transmitted shear force, its default value is taken as 1E-5. 

The shear spring stiffness is affected mainly by friction properties. When shear 

force is less than (friction coefficient*Normal force), then the shear stiffness = G * 

SF * D. Otherwise, i. e. when shear force is larger than (friction coefficient*Normal 

force), the shear stiffness is G * SF * D * PF where PF is the minimum, post failure, 

shear stiffness factor, defined in section 3.1.13, because elements are supposed to 

be sliding over each other. 
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Figure 6-6 Shear contact stiffness factor 

  

6.4 Energy Dissipation During Contact 

During collision of elements, some kinetic energy of elements before collision is lost 

during collision process.  The rebound factor (r) is defined as the ratio between the element 

relative velocity before and after collision.  The value of "r" ranges between zero and one.  

Having "r" equal to one means that the relative velocity after collision is the same as before 

collision and hence, no energy dissipation.  While, all kinetic energy is lost during contact 

if "r" equals zero.   

In general, representation of energy dissipation during the collision process is performed 

by determining the velocity of the elements after collision from the momentum theory and 

using rebound factor "r".   Although this technique is simple, when it is applied to 

continuum material like concrete, a small time increment is required to simulate 

transmission of stress waves due to the collision through other elements. 

 

The following technique is proposed for representation of the energy dissipation during 

contact.  The load-displacement relation of a spring during loading (approaching) and 
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unloading (leaving) are shown in Figure 6-7. Assume the factor "n" represents the ratio 

between the unloading and loading stiffness as shown in Figure 6-8.  The value of "n" 

should be greater than "1".  Having "n" equals 1 means that there is no energy dissipation 

during contact process while all the kinetic energy is lost if "n" value approaches infinity.  

The unloading stiffness factor "n" can be correlated easily to the rebound factor "r" by 

equating the rebound energy of elements in both techniques.  This relation is: 

 
(6-2) 

This indicates that energy dissipation during contact can be simulated by any of these 

methods.  The main advantage in using the unloading stiffness technique is that the time 

increment used needs to be reduced only during the contact of elements.  A larger value of 

time increment can be used after separation. 

 

Figure 6-7 Load-displacement relation of a contact spring in loading and unloading condition 
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Figure 6-8  Rebound with different values of contact spring unloading stiffness factor 

 
 

6.5 Time step for different contact types 

It should be noted that the time step required for stable dynamic analysis is a function of 

element mass and contact stiffness. When the contact is “soft” or element mass is high, 

longer time steps can be used for simulations while hard contacts or having low element 

mass results in the necessity to use smaller time steps. 

In case of analysis of reinforced concrete, elements are usually connected by steel bars and 

stirrups and hence, when contact occurs with the ground, a bulk of elements are colliding 

at once and hence, larger time steps, like 0.001 seconds, can be used for the analysis which 

leads to less computational time. However, in case of very brittle material, like plain 

concrete and glass, elements tend to completely separate and collide with the ground while 

not attached to other elements and hence, smaller time steps, like 0.0001 seconds, should 

be used for these types of simulations. 

n=1 n=2
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